This work comprises accurate computational analysis of levitated liquid droplet oscillations in AC and DC magnetic fields. The AC magnetic field interacting with the induced electric current within the liquid metal droplet generates intense fluid flow and the coupled free surface oscillations. The pseudo-spectral technique is used to solve the turbulent fluid flow equations for the continuously dynamically transformed axisymmetric fluid volume. The volume electromagnetic force distribution is updated with the shape and position change. We start with the ideal fluid test case for undamped Rayleigh frequency oscillations in the absence of gravity, and then add the viscous and the DC magnetic field damping. The oscillation frequency spectra are further analysed for droplets levitated against gravity in AC and DC magnetic fields at various combinations. In the extreme case electrically poorly conducting, diamagnetic droplet (water) levitation dynamics are simulated. Applications are aimed at pure electromagnetic material processing techniques and the material properties measurements in uncontaminated conditions. KEY WORDS: electromagnetic material processing; magnetic levitation; free surface dynamics; turbulent fluid flow.
Introduction
Since the early magnetic levitation experiments 1) in AC magnetic field it became apparent that the levitated liquid metal is prone to oscillation and instability. A very intense internal fluid flow was visually observed, apparently being in the turbulent regime for earthbound conditions. The flow was numerically investigated 2) only for fixed liquid metal interface positions, and typical velocities within a droplet of 0.006 m diameter were found to be of the order of 0.20-0.40 m/s corresponding to experimental observations. Because of numerical difficulties, the intense turbulent flow was not included in the free surface shape and oscillation theoretical analysis. The common approach for predicting the free surface behaviour of the magnetically levitated droplet is based on the idea of small skin layer penetration depth of the external high frequency magnetic field when the free surface shape can be obtained independently of the internal fluid motion. [3] [4] [5] Essentially that means no dependence on the electrical conductivity of the levitated material. The ideal fluid oscillations of the droplets under such conditions using the small amplitude linear theory were investigated in Refs. 6, 7) , and the transient decay of the viscous droplet oscillation in Ref. 8) . The viscous decay of the small amplitude oscillations for the relevant liquid metal was numerically simulated in Ref. 9 ), however without a magnetic field and in the absence of gravity. The transient internal flow decay in the slow flow Stokes approximation for a levitated droplet was theoretically investigated in Ref. 10 ), The small skin-layer assumption was recently tested for the case of typical experimentally used frequency and material property values by direct numerical solution, 28 ) and a significant difference was found for the deformation size and the velocity field pattern if compared to the asymptotic case when the magnetic force effects are restricted to the surface only.
The three-dimensional moving simulation of a magnetically levitated solid sphere was performed numerically in Ref. 11) , and a numerical gradual iterative shape change in 3-d for levitated metal was computed by the free surface finite element discretization. 12) Solid levitated objects are much more prone to rotation and oscillation in levitated conditions owing to their usually irregular shape, however even a spherical metallic specimen starts to rotate and oscillate when critical conditions are met, 13) which are also close to typical levitation conditions. The stability can be greatly enhanced by applying a relatively moderate DC magnetic field. 13, 14) The combination of AC and DC magnetic fields was recently recognised as an efficient tool for the electromagnetic processing of materials 14, 15) and for thermophysical property measurements without a contact to contaminating walls. 16 ) Even a purely DC magnetic levitation, using para-and dia-magnetic properties of the material, can be used for advanced material research. 17, 18) Oscillations of the liquid levitated in high gradient DC field are observed, 17) but no theoretical investigation is available for this phenomenon.
The present paper is devoted to a numerical pseudo-spectral method permitting accurate predictions for droplet oscillations in AC and DC magnetic fields. The modelling test results demonstrate the correspondence to analytical Rayleigh frequencies without numerical damping in the case of an ideal fluid droplet. For the case of realistic AC field levitation with normal gravity the internal fluid flow is turbulent, and an appropriate model for the time dependent turbulence is applied to obtain the oscillation frequencies in this complex nonlinear case. For the electrically conducting droplet both DC and AC magnetic fields exert a damping effect included in the numerical model. Finally, diamagnetic water droplet levitation is simulated in a high gradient DC magnetic field. The predicted oscillations are strongly affected by the droplet surface motion within the steep gradient force field.
Mathematical Model

Momentum and Temperature Equations
The present modelling approach is based on the turbulent momentum and heat transfer equations for an incompressible fluid:
where v is the velocity vector, p -the pressure, r -the density, n e ϭn T ϩn (summ of turbulent and laminar viscosity) is the effective viscosity which is variable in time and position, f is the electromagnetic force, g -the gravity vector, T -the temperature, a e ϭa T ϩa (summ of turbulent and laminar) is the effective thermal diffusivity, C p -the specific heat, C p * -the solid fraction modified specific heat function which accounts for latent heat effects (see Ref.
19)) for details), and | J| 2 /s is the Joule heat. The momentum Eq. (1) contains the nonlinear term in the convective (in difference to the rotational) form which, according to our tests, gives greater stability for the long time development problems.
We will consider the flow representation for an axisymmetric fluid droplet in the spherical co-ordinates (R, q, f). The momentum and the continuity Eqs. (1), (2) in the absence of the azimuthal velocity component, with the variable effective turbulent viscosity n e (R, q, t) are: 
Boundary Conditions
The general conditions at the external free surface boundary are stated for the hydrodynamic stress tensor P P component projections on the surface. The normal stress component is compensated by the surface tension and the tangential stress component is zero: (9) where g is the surface tension coefficient, K -the local mean curvature of the surface, and the subscripts correspond to projections onto e n and e t -the normal and tangent unit vectors at the free surface. In addition to the dynamic conditions (9) , the kinematic condition states that the calculated material fluid velocity v moves continuously the interface position Rϭe R R(m, t): ..... (12) ...... (13) From these, using the known stress tensor components in the spherical co-ordinates, 20) we can express the tangential and normal stress boundary conditions (9) explicitly as:
where the mean curvature K of the surface is Kϭٌ ·e n ....... (16) Note, that (14)- (16) are exact expressions, not the linearised versions used in many previous publications (see Because the levitated droplet has no contact to solid walls, the boundary condition for the thermal losses is pure radiation:
ϪrC p a e e n · ٌTϭes B (T 4 ϪT 0 4 ) ............... (18) where e is the emissivity constant for a particular material, s B is Boltzman constant, and T 0 is the environment temperature.
Co-ordinate Transformation
In order to follow the deformation and translation of the levitated fluid volume continuously in time, the computation is performed in the space of transformed co-ordinates (R, m¯, t) related to the original spherical co-ordinates and time (R, q, t):
where the continuous function s(m, t)ϭs(m¯, t) depends on the polar angle and time. With the transformation (19) the deformed external boundary RϭR 0 (1ϩs(m, t)) is always at Rϭ1 and the transformed volume is a fixed sphere.
The fluid flow Eqs. (4)- (6), the heat transfer Eq. (3) and the boundary conditions (14)- (18) The expressions for the second derivatives can be obtained by applying the operators (20) repeatedly.
Turbulence Model
According to experimental observations even small 5-6 mm droplets when levitated in AC magnetic field in normal gravity conditions show the presence of turbulent flow. 1, 2, 21) The turbulence distribution will fluctuate in time with the generation intensity changing due to the oscillations. In microgravity experiments the turbulence is not generated because of the lower field intensity, and, when a sufficient DC field is added, the turbulence can be significantly damped. To cover these features in a single turbulence modelling approach we found quite satisfactory 22) the so called 'k-w' model, 23) which is designed for a relatively low Reynolds number, time dependent flows and resolves the flow from laminar to developed turbulent states. The w variable is related to the reciprocal turbulent time scale (frequency of vorticity fluctuations) and the k variable is the turbulence kinetic energy per unit mass. The 'k-w' equations are:
where the turbulent kinetic energy generating term G, the mean velocity strain rate D, and different model constants and 'wall damping' functions are defined in Ref. 23 ) as: The computation follows in detail the time development of the flow, free surface change, and of the turbulent characteristics determined by the coupled non-linear Eqs. (21)- (23) accounting for a continuous generation and destruction of the turbulence energy.
Electromagnetic Force
The electromagnetic force acting in an electrically conducting material with certain magnetic properties is 24, 25) : (24) where the magnetic field intensity HϭB/(mm 0 ), m 0 is the magnetic permeability for vacuum, and the relative magnetic permeability mϭ1ϩcϭ1ϩrc r , c is volumetric magnetic susceptibility (e.g., cϭϪ0.716ϫ10 Ϫ6 kg/m 3 for water which is diamagnetic). If the magnetic properties are uniform in the material, we obtain the commonly used expression for the force as: (26) where s is the electrical conductivity, the vector potential A is related to the magnetic field as BϭٌϫA. The part of the current J AC is induced in the conducting medium in the assumption of the absence of velocity. It is computed according to the mutual inductance algorithm with elliptic integrals described in detail previously 19) and tested against analytical solution for a conducting sphere 25, 10) and the experimental measurements in In-Ga-Sn melt.
22) The magnetic field B can be expressed analytically in terms of elliptic functions without the need for numerical differentiation. The same elliptic integral representation can be used to represent the DC magnetic field created by an external coil. The solution in the liquid droplet depends on its free surface shape and needs to be recomputed when the shape changes.
The resulting electromagnetic force f, time-averaged over the AC period, similarly to (26) can be decomposed in two parts: fϭf AC ϩf v , where the second, fluid velocity dependent part of the force f v has the following components represented in spherical co-ordinates as follows: (27) where the notation ͗· ͘ means the time averaging over the AC period. Note the magnetic field components in (27) include AC and DC parts which can both produce the time average contribution. Even if there is only the AC field, there is, in principle, an averaged contribution to the interaction with the velocity field.
Numerical Solution Method
The fluid flow Eqs. (4)- (6) transformed by use of (19) , (20) can be solved numerically in the fixed spherical volume, but recomputing numerically the transformation functions (19) with the shape change in the physical space. A spectral-collocation method 26, 19) is used to solve the resulting equations, according to which the velocity vector components and pressure are represented as series of Chebyshev polynomials T n (R) and Legendre functions P n (m), P n The choice of the spectral functions in the expansions (28)-(30) ensures that the singularities at the symmetry axis and the origin of the spherical co-ordinates for the governing equations are resolved properly. 19) With the substitution of the representations (28)-(30) the transformed Eqs. (4)- (6) and the boundary conditions (14)- (17) are discretized on the grid which ensures the optimal interpolation properties. 26) In the radial direction the nodes are at the extrema and endpoints for T 2M Typically 2-3 iterations are necessary for the non-linear terms at each time step to reach convergence satisfying the relative maximum norm error Ͻ0.0001 for the velocity components. Occasionally, the time step is reduced when the iterations are not converging, and increased back when the convergence improves. The procedure is stable for typical time steps Dtϭ10 Ϫ4 s, and a typical solution is obtained for a total number of time steps of the order 3 · 10 4 . The electromagnetic field is recomputed at each of the very small time advancement steps to resolve accurately the liquid metal globule oscillations, to ensure the stability and the volume conservation to the 1 · eϪ5 relative error. This condition serves as an additional test for accuracy as the conservation is the result of the continuity Eq. (6) being satisfied at each time step. The equations for the temperature (3) and the turbulence model (21) are solved in the same way, using the co-ordinate transformation and the spectral representation similar to the pressure function (30).
Modelling Results
Solutions in Absence of Gravity
An important test case for the described numerical algorithm is the ideal fluid sphere oscillation of small amplitude in the absence of gravity. In this case the flow is linear and potential, the Rayleigh capillary oscillation frequencies are known analytically 6, 7) :
... (37) To obtain the leading mode, lϭ2, oscillation we set the initial deformation as For zero viscosity the result is the non-decaying oscillation shown in Fig. 1(a) with a dotted line, the simulated oscillation frequency is 35.36 Hz corresponding to the value computed in (37) for R 0 ϭ0.008 m, gϭ0.94 N/m (liquid aluminium). When the laminar viscosity (nϭ10 Ϫ6 m 2 /s) is introduced, the oscillation is slowly damped (Fig. 1(a) ), yet it retains the same frequency. The velocity field is apparently not changed and an instantaneous flow is shown in Fig.  1(b) . Adding the vertical uniform DC magnetic field B z of moderate intensity 0.25 T, introduces quite a dramatic change in the local flow structure (Fig. 1(c) ), and quite sig- (a sectioned half of the full arrangement), the computed typical velocity and the temperature field. nificant damping of the oscillations shown by dashed line in Fig. 1a ). The flow is not an irrotational one any more even without the viscosity, as can be easily checked by taking the curl of the magnetic damping force term, which is non-zero even for the uniform magnetic field case: ٌϫ(s(vϫB)ϫ B)≠0. Remarkably, the oscillation frequency is almost unchanged ( Fig. 1(a) ).
AC and DC Field Levitation in Normal Gravity
For the tests of AC magnetic levitation under normal gravity conditions we chose the levitation coil configuration shown in Fig. 2 . This was taken from a surface tension measurement experimental setup. 21) Electric current of a fixed effective magnitude 195 A flows in the positive azimuthal direction in the bottom four turns of the coil and in the negative direction at the top two turns. The coil current frequency is f v ϭ450 kHz, therefore one can expect a very small penetration depth for the electromagnetic field in a well conducting material like liquid aluminium with the electrical conductivity sϭ3.85 · 10 6 (W · m) Ϫ1 used for the tests. Indeed, the skin layer depth according to the classical expression 24) 
ϭ0.27 · 10 Ϫ3 m. For a levitated droplet of initial diameter 8 · 10
Ϫ3 m, the numerically computed and the analytical 25, 10) penetration depth is apparently larger and quite non-uniform because of the coil configuration (Fig. 3) . As seen from Fig. 3 , the force distribution is highly non-uniform also. From Fig. 4 we can see that the magnetic field behaves in a similar manner, being tangential over most of the external boundary (as expected from the asymptotic theories), yet there is a significant penetration into the material, and at the bottom part the field is entering normally into the droplet. There is also a closed secondary magnetic field lines loop surrounding the current in the metal. An external DC magnetic field can be added using a coaxial coil surrounding the AC coil as shown in Let us consider the oscillations generated in the droplet, which is assumed initially of spherical shape and in molten quiescent state at an initial temperature of 700°C for liquid aluminium. Great care has been taken to position the droplet relative to the coil, so that the initial total electromagnetic force balances the weight of the droplet. However, there is an initial transient time during which the droplet assumes the shape imposed by the force balance, and an intense fluid flow develops. The initial oscillations are damped significantly after some time, and a new non-decaying quasi-stationary oscillation pattern is established in 3-4 s time (Fig. 7(a) ). Figure 7(b) shows an enhanced view of the final oscillation pattern which is of a slightly distorted sinusoidal shape. The centre of mass for the droplet is subject to vertical oscillating motion as can be seen from Fig. 7(c) . The final oscillation pattern does not show damping, which suggests a net energy transfer from the external field to the droplet mechanical motion.
The oscillations generated depend on the material properties of the liquid metal. Figure 8 shows the pattern for the same droplet but the surface tension coefficient increased by a factor of two. The motion of the droplet with the higher surface tension is dominated by the centre of mass translational oscillation. This is quite instructive to see from the comparison of the numerically calculated oscillations Fourier power spectra for both cases as shown in Fig. 9 . The original liquid aluminium leads to the dominant frequency of 35.40 Hz, corresponding closely to 35.36 Hz of the lϭ2 mode from (37), and the secondary frequency at 63.78 Hz, which is very close to the lϭ3 theoretical mode frequency at 68.48 Hz (37). There is also the translational motion frequency at 8.76 Hz for the electromagnetically excited droplet (Fig. 7(c) ). The case with the increased surface tension coefficient shows a 9.68 Hz translational frequency dominating the power spectrum. The 'lϭ2' and 'lϭ3' like modes are clearly present, yet of much lower intensity. The exact mechanism of the translational and normal mode oscillation interaction needs a further analysis, the nonlinearity being a clue as suggested by the close similarity of this effect to the translational motion generated as a result of two close normal mode interactions observed in bubble oscillations. 27) When the DC magnetic field is added to the aluminium droplet oscillation in the presence of the same AC coil, the droplet stability is greatly enhanced, and the resulting oscillation amplitude is significantly reduced after a 2 s damping interval (Fig. 10) . However for the case of 200 A DC in the coil, the oscillation still reaches a quasi-stationary state, and the power spectra in Fig. 11 exhibit essentially the same frequencies as without the DC field (compare to Fig.  9 ). The remaining oscillation can be completely suppressed when 500 A current is supplied in the DC coil.
Apart from the oscillation mode interaction, there is a considerable influence also of the intense circulation flow (see Figs. 2, 5 and 12) consisting of two vortices, the intensity of which changes with the oscillation phase. The lower, smaller vortex is particularly affected by the bottom oscillation. The turbulent viscosity is mainly generated in this bottom part and then transported to the rest of the volume, as can be seen in Fig. 12 . The maximum magnitude for the time dependent turbulent viscosity is about 15-20 times the laminar value, and it greatly enhances overall flow stability by limiting the velocity magnitude to below 0.3-0.4 m/s. Attempts to simulate the flow with only the laminar viscosity failed when the flow velocities started to increase in a persistent continuous way.
DC Field Levitation
Finally we attempted to model the unsteady flow generated when a diamagnetic liquid material is levitated in a strong DC magnetic field. We positioned a water droplet on the axis of the coil shown in Fig. 13 at the height where the unperturbed fluid weight is compensated by the total magnetic force (25) . The coil is designed to produce not only the high magnitude, but also a high gradient magnetic field, in order to optimise the current to a minimum magnitude in the lower 10 turns and the same oppositely directed current in 2 turns at the top. The current of magnitude 35 kA in this coil produces a maximum field of about 16 T inside the droplet. Since the magnetic field is of a high gradient, the resulting magnetic force is highly non-uniform within the droplet volume. Figure 14 shows the distribution of the magnetic force and the difference between the local magnetic and the gravity forces. The positive force difference forms a kind of 'cup' shape distribution at the bottom of the droplet, which enables the stable support of the fluid in the levitated position.
When positioned in the gradient force field (25), the liquid volume, confined by the surface tension, starts to deform. The deformation modifies the magnetic force distribution, and a transient oscillation pattern is established. Typical computed velocities are of the order of 4 · 10 Ϫ3 m/s, and the flow does not generate any significant turbulence according to the 'k-w' model used here. The simulation showed quite a stable and long lasting oscillation pattern, shown in Fig. 15 . The Fourier spectral analysis reveals several frequency peaks (Fig. 16) , which however do not correspond closely to the theoretical (37) normal mode frequencies for the water droplet of this size and surface tension (R 0 ϭ0.004 m, gϭ0.073 N/m): e.g., according to (37), 15.18 Hz corresponds to lϭ2, and 29.40 Hz -to lϭ3. The simulation was tested for grid sensitivity and the time step dependence, which confirmed the spectra. The physical reason for the strongly modified quasi-stationary oscillation spectra is related to the dynamic change of the droplet position in the high gradient magnetic force field. Although the magnetic force in (25) is potential and can be incorporated in the modified pressure function p m (8) , as the actual implementation is realised, the resulting magnetic potential is time dependent and can support the oscillation. This problem deserves further research.
Conclusions
The numerical model presented was tested against ideal fluid non-decaying droplet oscillations. The external DC field was demonstrated to modify the velocity field and to damp the oscillations while retaining the frequency. AC field levitation of a liquid metal droplet in the normal gravity conditions leads to the coupled shape and translational mode quasi-stationary oscillation. An additional DC field can be used to stabilise the turbulent velocity field and the oscillations. A very high intensity gradient DC field, used to levitate a diamagnetic liquid, leads to a novel type of droplet oscillations.
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